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Abstract 

We are interested in the q Logarithmic Sobolev inequality for infinite 
dimensional measures on the Heisenberg group. We assume that the one 
site boundary free measure satisfies either a q Log-Sobolev inequality or a 
U-Bound inequality, and we determine conditions so that the infinite dimen- 
sional Gibbs measure satisfies a q Log-Sobolev inequality. 
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1 Introduction 

We focus on the q Logarithmic Sobolev Inequality (LSq) for the infinite dimensional 
Gibbs measure related to systems of spins with values on the Heisenberg group. 
More specifically, we extend the already know results for real valued spins with 
interactions V that satisfy ||VjVjV(o;j,a;j)|| < oo to the case of the Heisenberg 
group. We investigate two cases, that of a boundary free one site measure that 
satisfies an (LSq) inequality and that of a one site measure with interactions that 
satisfies a non uniform U-Bound inequality. In both cases we determine conditions 
so that the infinite dimensional Gibbs measure satisfies an (LSq) inequality. 

In this section we present the main definitions as well as some of the most rel- 
evant past results concerning the Log-Sobolev inequality on the Heisenberg group 
and the infinite dimensional setting. 
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1.1 (LSq) on the Heisenberg Group. 

The Heisenberg group is one of the simplest sub-Riemannian settings in which we 
can define non-elliptic Hormander type generators. We can then consider coercive 
inequalities associated to such generators. 

Most of the attention has been focused on the case of elliptic generators, for 
which there are some very powerful methods for proving such inequalities. For L 
being the generator of a Markov semigroup Pt and 

T(fJ) = ±(L(f)-2fLf) 

T 2 (fJ) = ^[LT(fJ)-2T(f,Lf)}. 

we can apply the CD(p, oo) or T 2 criterion ([B]), that is 

r 3 (/,/)>pr(/,/) 

for some constant p £ R. It is a well know result that the CD(p, oo) condition 
implies the Log-Sobolev inequality (see [B], [B-E]). When L is elliptic the con- 
dition holds in many situations. In the case when M is a complete connected 
Riemannian manifold, and V and A are the standard Riemannian gradient and 
Laplace-Beltrami operators respectively, taking L = A, the condition reads 

|VV/| 2 + Ric(V/,V/)>p|V/| 2 

(see [A-B-C], [B]). This holds for some p £ K. when M is compact, or for p = 
when M = M. n with the usual metric, since Ricci = in the last case. However, 
we can still consider non-elliptic Hormander generators. For such generators these 
methods do not work, since the CD(p, oo) condition does not hold (see [B-B-B- 
C]). Indeed, the Ricci tensor of our generators can be thought of as being — oo 
almost everywhere. For the case of the Heisenberg group in particular, for L = A, 
following [B-B-B-C] we can calculate the V and r 2 operators for this generator 
explicitly 

r 3 (/, /) ={x 2 ff + (Y 2 f) 2 + \{{XY + YX) ff + l -{zff 

+ 2((XZf)Yf-(YZf)Xf) 

while 

r(/,/) = (x/) 2 + (r/) 2 

Because of the presence of XZ(f) and YZ(f) in the expression of T 2 one can see 
that there cannot exist a constant p £ R such that T 2 > pT in terms of quadratic 
forms. 
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The Heisenberg group. The Heisenberg group, H, can be described as M. 3 with 
the following group operation: 

x-x = (x 1 ,x 2 , x 3 ) ■ (x!,x 2 , £3) = Oi + x u x 2 + x 2 , X 3 + X 3 + ]^{XiX 2 - X 2 Xi)) 

EI is a Lie group, and its Lie algebra f) can be identified with the space of left 
invariant vector fields on EI in the standard way. By direct computation we see 
that this space is spanned by 





= d xl 


- \^ 2 d X3 


x 2 


= d X2 




x 3 


= d X3 


= [x x ,x 2 



From this it is clear that X\,X 2 satisfy the Hormander condition (i.e. X\,X 2 and 
their commutator [Xi, X2] span the tangent space at every point of H). It is also 
easy to check that the left invariant Haar measure (which is also the right invariant 
measure since the group is nilpotent) is the Lebesgue measure dx on K 3 . 
On C£°(H), define the sub-gradient to be the operator given by 

V:=(X U X 2 ) 

and the sub-Laplacian to be the second order operator given by 

A := X\ + X 2 2 

V can be treated as a closed operator from L 2 (H, dx) to L 2 (EI; M 2 , dx). Similarly, 
since A is densely defined and symmetric in L 2 (H, dx), we may treat A as a closed 
self-adjoint operator on L 2 (EI, dx) by taking the Friedrich extension. We introduce 
the Logarithmic Sobolev Inequality on EI in the following way. 

The q Log-Sobolev Inequality (LSq) on EL Let q G (1,2], and let /i be a 
probability measure on EI. [i is said to satisfy a q Logarithmic Sobolev inequality 
(LSq) on EI if there exists a constant c > such that for all smooth functions 
/ : H R 

a(\f\nog^j <c**(|V/n (1.1) 
where V is the sub-gradient on EL 
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Remark 1.1. Since we have the sub-gradient on the right hand side, (11. ip is 
a Logarithmic Sobolev inequality corresponding to a Hormander type generator. 
Indeed, if fi(dx) = ^-dx then it is clear that C = A — Vt/.V is a Dirichlet 
operator satisfying 

(jl (/£/) = -A* (I V/| 2 ) 
where A is the sub-Laplacian, and V the sub-gradient. 

In [H-Z] the authors were able to show that a related class of measures on EI 
satisfy (LSq) inequalities (see Theorem 1 1 . 5 1 b elow) . To describe these we first need 
to introduce the natural distance function on HI, which is the so-called Carnot- 
Caratheodory distance. This distance is more natural than the usual Euclidean 
one, since it takes into account the extra structure that the Heisenberg group 
posseses. We define the Carnot-Caratheodory distance between two points in EI 
by considering only admissible curves between them in the following sense. A 
Lipschitz curve 7 : [0, 1] — > H is said to be admissible if 7'(s) = a 1 (s)X 1 (7(s)) + 
a2(s)X 2 (7(s)) almost everywhere with measurable coefficients 01,02 i.e. if Y(s) £ 
sp{Xi('j(s)),X2(j(s))} a.e. Then the length of 7 is given by 

*(7)= f (al(s) + al(s)) 1/2 ds 
Jo 

and we define the Carnot-Caratheodory distance between two points x, y e EI to 
be 

d(x,y) := inf{Z(7) : 7 is an admissible path joining x to y}. 
Write d{x) = d(x, e), where e is the identity. 

Remark 1.2. This distance function is well defined as a result of Chow's theorem, 
which states that every two points in EI can be joined by an admissible curve (see 
for example [B-L-U] ,[Grom]) . 

Geodesies are smooth, and are helices in M 3 . We also have that x = {x\, X2, £3) ( — > 
d{x) is smooth for (07, x 2 ) 7^ 0, but not at points (0,0, x 3 ), so that the unit ball 
has singularities on the X3-axis. In our analysis, we will frequently use the follow- 
ing two results. The first is the well-known fact that the Carnot-Caratheodory 
distance satisfies the eikonal equation (see for example [Mo]): 

Proposition 1.3. Let V be the sub-gradient on EI. Then |Vd(rr)| = 1 for all 
x = (27, X2, £3) € EI such that (xi, Xz) ^ 0. 

We must be careful in dealing with the notion of Ad, since it will have sin- 
gularities on the X3-axis. However, the following proposition from [I-P] provides 
some control of these singularities. 
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Proposition 1.4. Let A be the sub-Laplacian on H. There exists a constant Kq 
such that Ad < ^ in the sense of distributions. 

The following result concerning the q Log-Sobolev inequality can be found in 
[H-Z]. 

Theorem 1.5. ([H-Z]) Let fi p be the probability measure on H given by 

e -pd?(x) 

^ dx) = J a e-^)dx dX 

where p > 2, (3 > 0, dx is the Lebesgue measure on M 3 and d(x) is the Carnot- 
Carathedory distance. Then \i v satisfies an (LS q ) inequality, where - + ~ = 1. 

In order to prove the Log-Sobolev inequality, the following inequality, denoted 
as U-bound, was first shown. 

V P \f\ q d p (x)<Cfi p \Vf\ q + Dfi p \f\ g 

for some constants C, D > 0. More generally, for arbitrary measures 

e -U(x) 

^ d%) = fe- u ^dx dX 

the authors in [H-Z] associated the q Log-Sobolev Inequality with the following 
U-bound inequality: 

/*i/r(ivi/i«+co<c/i iv/r + Dp i/i 9 

for constants C,D > 0. Concerning the weaker Spectral Gap inequality the asso- 
ciated inequality is 

ti\f\ 9 v<cn iv/r+pvi/i 9 

for some non negative non decreasing function rj and constants C, D > 0. 



1.2 Infinite dimensional setting. 

In this section we present the infinite dimensional setting as well as past results 
for the infinite dimensional Gibbs measure. 



Infinite dimensional analysis. In the more standard Euclidean model the 
problem has been extensively discussed. Regarding the Log-Sobolev Inequality for 
the local specification {E A,aJ }Accz d ,a;en on a d-dimensional Lattice, criterions and 
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examples of measures E that satisfy the Log-Sobolev -with a constant uniformly 
on the set A and the boundary conditions uj— are investigated in [Z2], [B-E], [B- 
L], [Y] and [B-H]. For || VjVjV^Xi, < oo the Log-Sobolev is proved when 

the phase <fi is strictly convex and convex at infinity. Furthermore, in [G-R] the 
Spectral Gap Inequality is proved to be true for phases beyond the convexity at 
infinity 

For the measure E^l'" on the real line, necessary and sufficient conditions are 
presented in [B-G], [B-Z] and [R-Z], so that the Log-Sobolev Inequality is satisfied 
uniformly on the boundary conditions uj. 

The problem of the Log-Sobolev inequality for the Infinite dimensional Gibbs 
measure on the Lattice is examined in [G-Z], [Zl] and [Z2]. The first two study 
the LS for measures on a d-dimensional Lattice for bounded spin systems, while 
the third one looks at continuous spins systems on the one dimensional Lattice. 

In [M] and [O-R], criterions are presented in order to pass from the Log-Sobolev 
Inequality for the single-site measure E^'" to the (LS2) for the Gibbs measure 
vn on a finite N-dimensional product space. Furthermore, using these criterions 
one can conclude the Log-Sobolev Inequality for the family {z^jv, N G N} with a 
constant uniformly on N. 

In [L-Z] a similar situation is studied, in that the authors consider a system 
of Hormander generators in infinite dimensions and prove logarithmic Sobolev 
inequalities as well as some ergodicity results. The main difference between the 
present set up and their situation is that we consider a non-compact underlying 
space, namely the Heisenberg group, in which the techniques of [L-Z] cannot be 
applied. Concerning the same problem for the LSq (q G (1,2]) inequality in the 
case of Heisenberg groups with quadratic interactions in [I-P] a similar criterion is 
presented for the Gibbs measure based on the methods developed in [Zl] and [Z2]. 

Our general setting is as follows: 

The Lattice. When we refer to the Lattice we mean the 1-dimensional Lattice 

Z. 

The Configuration space. We consider continuous unbounded random variables 
in H, representing spins. Our configuration space is Q = M z . For any uj G Q and 
AcZwe denote 

uj = (Ui) ie z, uja = (k>i)ieA, k>A<= = (ui)ieA° and uj = uj a o uj A c 

where Ui G H. When A = {i} we will write Ui = uj^y. Furthermore, we will 
write % ~ j when the nodes % and j are nearest neighbours, that means, they are 
connected with a vertex, while we will denote the set of the neighbours of k as 
{~ k} = {r : r ~ k}. 

The functions of the configuration. We consider integrable functions / that 
depend on a finite set of variables {xi},i G for a finite subset Sj CC Z. The 
symbol CC is used to denote a finite subset. 
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The Measure on Z. For any subset AccZwe define the probability measure 



IE (c?xa) 



e 



H '"dxA 



where 

• x A = {xi) ieA and dx A = H i( z A dxt 

• = Je-^dxA 

• = E 46A fa) + £ ieA ,^ JijVixi, Zj ) 

• (f) > and V > 
and 



Zj = X A O U!\c 



Xj , i G A 
(j j , z ^ A 



We call the phase and V the potential of the interaction. For convenience we will 
frequently omit the boundary symbol from the measure and will write E A = E A,aJ . 
Furthermore we will assume that 



(H*) There exist constants B*(L), B*(L) G (0, oo) such that 

/ e-" W} "dX W} > — for Uj G B L ,j G {i - 2, i, i + 2} 
Jb l ®b l a K^) 



and 



e~ H > 



B*(L) 

for OJj G B^,j G {z — 2, z, z + 2} and £ 5^, j E {i- + 1} 
where for any # > 0, B R ■ = {x G HI : d(x) < R}. 



Remark 1.6. The hypothesis {H*) is a technical condition which essentially does 
not allow singularities on cf> and V . 

The Infinite Volume Gibbs Measure. The Gibbs measure v for the local spec- 
ification {E A ' tJ } AcZ , we n is defined as the probability measure which solves the 
Dobrushin-Lanford-Ruelle (DLR) equation 

i/E A '* = v 
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for finite sets A C Z (see [Pr]). For conditions on the existence and uniqueness of 
the Gibbs measure see e.g. [B-HK] and [D]. It should be noted that {E A ' aJ } AccZ ^ en 
always satisfies the DLR equation, in the sense that 

e a,u, e m,* = e a,^ 

for every McA. [Pr]. 

The gradient V for continuous spins systems. For any subset A C Z we define 
the gradient 

|v A ./r = \^f\ 9 

ieA 

the sub- gradient V* corresponds to the i'th variable 

V« :=(*;, X*) 
When A = Z we will simply write V = Vg. We denote 

E A ' W / = y /cffi A '"(z A ) 



Under this specific higher dimensional setting the q Logarithmic Sobolev and 
q Spectral Gap inequalities are defined for measures of the local specification 

The q Log-Sobolev Inequality (LSq) on HF. We say that the measure E A ' W 
satisfies the q Log-Sobolev Inequality for q G (1, 2], if there exists a constant Cls 
such that for any function /, the following holds 

I f\ q 

with the constant Cls £ (0, oo) uniformly on the set A and the boundary condi- 
tions u. 

The q Spectral Gap Inequality on HP. We say that the measure E A '' J satisfies 
the q Spectral Gap Inequality for q G (1,2], if there exists a constant Csg such 
that for any function /, the following holds 

E A,„ | j _ E A,OY|9 < CsG^ |V A /T 

with the constant Csg £ (0, oo) uniformly on the set A and the boundary condi- 
tions OJ. 

Remark 1.7. We will frequently use the following two well known properties about 
the Log-Sobolev and the Spectral Gap Inequality. If the probability measure \i sat- 
isfies the Log-Sobolev Inequality with constant c then it also satisfies the Spectral 
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Gap Inequality with a constant c = More detailed, in the case where q = 2 

the optimal constant is less or equal to | < c, while in the case 1 < q < 2 it is 
less or equal to ■ The constant c does not depend on the value of the parameter 
qe (1,2]. 

Furthermore, if for a family I of sets A, C Z, dist(Ai, Aj) > 1 ,i ^ j the 
measures E Al,< ^, i E I satisfy the Log-Sobolev Inequality with constants Ci, i & I , then 
the probability measure E^ Uie/A ^' w also satisfies the (LS) Inequality with constant 
c = maxifziCi. The last result is also true for the Spectral Gap Inequality. The 
proofs of these two properties can be found in [Gros] and [G-Z] for q = 2 and in 
[B-ZJ for l<q<2. 

Concerning the q Log-Sobolev inequality for spins on the Heisenberg group, in 
[I-P] the inequality was proven for a specific class of Hormander type generators 
on the Heisenberg group. Under the three hypothesis bellow, the main result of 
[I-P] for the infinite volume Gibbs measure v follows. For the local specification 

-H a ' u (xa) 

EA ^ dXA) = Je-^(^d XA dXA (L2) 
where dx\ is the Lebesgue product measure we consider the following hypothesis: 

(HO): The one dimensional measures E i,aJ satisfies the Log-Sobolev-q Inequality 
with a constant c uniformly with respect to the boundary conditions u. 



(HI'): The interactions are such that: ||^"||oo < oo. 



(H3): The coefficients Jy are such that \Jij\ G [0, J] for some J < 1 sufficiently 
small. 

Theorem 1.8. ([I-P]) Let v be a Gibbs measure corresponding to the local spec- 
ification defined by (II. 2p . Let q be dual to p i.e. ^ + ^ = 1. Then if (HO), (HI') 
and (H3) are satisfied the v is unique and satisfies the (LS q ) inequality i.e. there 
exists a constant C such that 

v d/riog i/n < H/riogH/r + cv (y^ iv*/]* j 

for all f G C°° for which the right-hand side is well defined and (HO) is true. 
We briefly mention some consequences of this result. 
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Corollary 1.9. Let v be as in Theorem \1.8l Then v satisfies the q-spectral gap 
inequality. Indeed 

where C is as in Theorem \1.8\ . 

The proofs of the next two can be found in [B-Z]. 

Corollary 1.10. Let v be as in Theorem \1.8\ and suppose f : Q — > R is such that 
\\\Vf\ q \\oc < 1- Then 

v (eV)< a ^{ Al ^ ) + _£_ A .} 

for all A > where C is as in Theorem \1.8l Moreover, by applying Chebyshev's 
inequality, and optimising over X, we arrive at the following 'decay of tails' estimate 

>/>}<2exp{-^=^j 
for all h > 0, where - + - = 1. 

J ' p q 

Corollary 1.11. Suppose that our configuration space is actually finite dimen- 
sional, so that we replace Z d by some finite graph G, andVL = (H) G . Then Theorem 
\1.8\ still holds, and implies that if £ is a Dirichlet operator satisfying 

u(fCf) = -u{\Vf\ 2 ), 

then the associated semigroup P t = e tc is ultracontractive. 

Furthermore as shown on the next theorem, hypothesis (HO) was proven to 
hold for a specific class of local specification as in f ll.2p with 

H A ' w (x A ) = a^d p {xi)+e (d( Xl ) + pd^)) 2 (1.3) 

ieA {iJ}nA^0,j:j~i 

for a > 0, e, p G M, and p > 2, where as above x« = for i ^ A. 

Theorem 1.12. (fl-Pj) Let - + 1 = 1, and ep > with e > if p = 2 for 
the local specification defined by (11. 2p and (11.31) . Then there exists a constant c, 
independent of the boundary conditions uj G Q such that 

E ^(l/l 91 °gE^7F)- cE " (|Vi/n 

for all smooth f : Q — > ]R. 




10 



Remark 1.13. In the case when p = 2, we must have that s > — to ensure 
that f e~ HA dx\ < oo. 

The proof of Theorem 11.121 was based on proving the following U-bound 



for all smooth / : Q — y R, and some constants A\,B\ G (0, oo) independent of 
lo and i. One of the purposes of the current paper is to present criterions which 
will allow to obtain the (LSq) inequality for infinite dimensional Gibbs measure 
in the case where the measures K l,UJ satisfy a U-bound inequality as above with a 
constant Bi which is not independent of the boundary conditions u. This will be 
the subject of Theorem 12.31 

All the pre mentioned developments refer to measures with interactions V 
that satisfy ||ViVjy(xj, Xj)\\ < oo. The question that arises is whether similar 
assertions can be verified for the infinite dimensional Gibbs measure in the case 
where || ViV jV(x iy Xj)\\ = oo. In [Pa], under (HO), such a result was presented 
under the two additional hypothesis: 

(HI): The restriction of the Gibbs measure v to the a— algebra E/Ufc), 

A(fc) = {k - 2, k - 1, k, k + 1, k + 2} 
satisfies the Log-Sobolev-q Inequality with a constant C G (0, oo). 
(H2): For some e > and K > 



for r, s G {i — 2, i — 1, i, i + 1, i + 2} 

The main theorem follows. 

Theorem 1.14. ([Pa]) If hypothesis (HO), (HI), (H2) and (H3) are satisfied, 
then the infinite dimensional Gibbs measure v for the local specification {E A ' tJ }Accz,o;en 
satisfies the q Log-Sobolev inequality 




eV(x r ,x s ) < ft and 



2i+ 2 e\V r V(x r ,x s )\ q < £ 



y\f\ q log 



\f\ q 



«<£v\Vf\ q 



y\f\ 



for some positive constant (£. 
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As a consequence of the last Theorem, the analogues of Corollaries II. 9111. Ill 
follow. As an example of a measure that satisfies (HO) with non quadratic inter- 
action on the Heisenberg group one can think of a measure similar with that on 
(11. 3p but with interactions of higher growth, i.e. 

ieA {ij}nA^0j:j~i 

for a > 0, e, p G K, and p > s > 2, where as above Xi = Ui for i A. The proof of 
this follows exactly as Theorem 11.121 with the use of uniform U-Bounds. 



2 Main result. 

We focus on the Logarithmic Sobolev Inequality (LSg) for measures related to 
systems with values on the Heisenberg group on the one dimensional Lattice with 
nearest neighbour interactions. The aim is to investigate the conditions under 
which the inequality can be extended from the one dimensional measure to the 
Infinite volume Gibbs measure. 

In this paper we apply the same ideas as in [H-Z] and [I-P] to investigate cases 
of measures were the U-bound inequalities do not hold uniformly on the boundary 
conditions but still the infinite volume Gibbs measure ultimately satisfies the Log- 
Sobolev inequality. We will be concerned with two cases. 

Case 1: A Perturbation property. The first case is actually a perturbation 
result on the measures obtained in [H-Z]. We recall that according to [H-Z], the 
measure on H given by 

e -f3dP(x) 

where p > 2, (3 > 0, satisfies an (LS q ) inequality, where ^ + ^ = 1. We try to 
address the following question. If we perturb this measure with interactions to 
obtain the following local specifications 

E^(dXi) = ^ with IIViV^.arjOIL^oo 

under which conditions does the infinite volume Gibbs measure v for the local 
specification {E A,w }A CC z,wen satisfies the Log-Sobolev inequality? 

In both [I-P] and [Pa], the main assumption was (HO), which is that the one 
dimensional measures K hUJ satisfies the q Log-Sobolev Inequality with a constant 
c uniformly with respect to the boundary conditions u. In this paper we want to 
relax the main hypothesis (HO) for E^ u to the same assumption for the boundary 
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free one dimensional measure. In other words we want to address the following 
problem. 

Consider the local specification 



E A ' w (dx A ) 



A 



with \\d x d y V(x, y) ^ < oo 



(2.1) 



and assume that 

(HO'): The one site measures jj,{dxi) = ppg-^fa satisfies the q Log-Sobolev 
Inequality with a constant c. 

Under which conditions does the infinite volume Gibbs measure v correspond- 
ing to the local specification {E A ' w }Accz,wen of (12. ip satisfies the Log-Sobolev in- 
equality? We present a strategy to solve this problem. As we will see, hypothesis 
(HO'), together with (HI), (H2), (H3), mentioned before, as well as 

(H4): ^A(i)e <E2l ° d ^^ < K, where d denotes the distance of the space. 

imply the q Log-Sobolev inequality for the infinite dimensional Gibbs measure. 
We will focus on measures on the one dimensional lattice, but our result can also 
be easily extended on trees. 

Case 2: Non uniform U-Bound. As explained in the introduction, the U-bound 
inequalities introduced in [H-Z] are an essential tool in proving the Spectral Gap 
and the Logarithmic Sobolev inequality, under the framework of the Heisenberg 
group. In the case of the specific example examined in [I-P], for the proof of both 
the Spectral Gap and the Log-Sobolev inequality the basic step was again the 
U-bound inequalities. In order to obtain the two coercive inequalities uniformly 
on the boundary conditions, the two U-bounds had to be proven to hold also 
independently of the boundary conditions of the measure K l,UJ . 

Here we investigate cases were weaker U-bound inequalities hold for E t,u; . In 
particular we concentrate on these cases were one of the constants depends on the 
boundary conditions u. For the local specification 



E A >^(d£ A ) 



dX A 



(2.2) 



for A CC Z and u) G f2, with 



H 



5^0(x 4 ) + ^2^2JijV(xi,u}j) with \\d x d y V{x,y)\\ oo < oo 
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we consider the following hypothesis: 
(HO"): Non uniform U-bound. 

E {~i},u, (|v W} ^~*>' w |« + #Wh") < CE { ~ i} ' w | V W} /| 9 + L> W} (w)E { ~ i} ^ |Jf 

for functions / G C°° for which the right-hand side is well defined, with ue eD ^~^^ < 
K where D^^((jj) is a function of Wj_2, u>i, w«+2- What we will show is that even 
when the Log-Sobolev inequality does not hold for the one site measure E i,aj with 
a constant uniformly on the boundary, we can still obtain the inequality for the 
infinite dimensional Gibbs measure. On section [8] we present examples of measures 
that satisfy this weaker non-uniform U-bound inequality. 

Before we present the two main results a useful remark concerning the condi- 
tions will follow. 

Remark 2.1. From Hypothesis (H2) and Holder inequality it follows that 

^(|F(r)|+ES«."|F(r)|)s < ^ /or r = Z - 2, Z - 1, Z, Z + 1, i + 2 

where the functions F(r) are defined by 



F(r) = 
and the sets S(r) by 



V r y(xi_i, + V r V(x i+1 ,Xi) for r = i - 1, z, z + 1 
V r V{x s , av)Z{ s ~r-:se{i-3,i+3}} /or r = z - 2, z + 2 



{~ z'} for r — i — + 1 

S(r) = { {z + 3, z + 4, ...} for r = i + 2 and s = i + 3 
{..., z — 4, z — 3} /or r = i — 2 and s = i — 3 

These bounds will be frequently used through out this and the next chapter. 

The main two theorems follow. The first refers to the (HO') hypothesis for the 
one site measure. 

Theorem 2.2. If the set of conditions A = {(HO'), (HI) - (HA)} for the lo- 
cal specification {E A,W } Accz,uien ^ s satisfied, then the infinite dimensional Gibbs 
measure v for the local specification {E A,w }Accz,wen satisfies the Log-Sobolev q 
inequality 

v\f\ q log\f\' 1 <v\f\Hogv\f\' 1 + £v\Vf\ q 

for some positive constant €. G (0, oo) independent of the function f , for all func- 
tions f G C°° for which the right-hand side is well defined and (Hff ) is true. 
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The next theorem assumes the (HO") hypothesis. 

Theorem 2.3. If the set of conditions B = {(HO"), (HI) — (HA)} is satisfied, then 
the infinite dimensional Gibbs measure v satisfies the Log-Sobolev q inequality 

u\f\ q log\f\ q <u\f\ q logu\f\ q + Cu\Vf\ q 

for some positive constant € £ (0, oo) independent of the function f , for all func- 
tions f £ C°° for which the right-hand side is well defined and (HO") is true. 

For computational reasons we set K :— e K and 

r](i, to) = d(xi-i) + d(x i+ i) + ^2 d ( u j) 

Aside from hypothesis (HO'), (HO") and (H4) the rest of the assumptions are the 
same as in [Pa]. Concerning hypothesis (H4), in most cases where the interaction 
V is a polynomial of high growth, it should be weaker than hypothesis (H2). 

In order to prove Theorem 12.21 and Theorem [23] we will use the methods devel- 
oped by Zegarlinski in [Zl] and [Z2]. The main idea is based on approximating the 
infinite dimensional Gibbs measure v for the local specification {E A,aJ }Accz,weft by 
a sequence which involves components in the local specification that satisfy the 
Log-Sobolev inequality. This method was used in [Pa] and [I-P] where the one 
dimensional measures E^' w satisfied the Log-Sobolev inequality uniformly on the 
boundary conditions u. In the two cases examined here where either the one di- 
mensional boundary-free measure n(dxi) = j e -4>( x ^ x . satisfies an (LSq) or E^'^ a 
non-uniform U-bound, we will replace under our assumptions A or B the property 
(HO) of the Log-Sobolev inequality for the measure E^'" by a similar but weaker 
inequality that maintains most of the properties of the Log-Sobolev inequality. 
This Log-Sobolev type inequality will be 

\ f\q *+2 oo 

v^«{\f\Hog Jl I ) < R ^ ^|V r /r + J R^J -V|V i±r /r (2-3) 

r=i-2 r=3 

We will prove a similar inequality to replace Spectral Gap inequality. This will be 

i+2 oo 

!/E{~*}^ IJ-E^'^/I 9 < M HVr/T + M^ J r Q - 2 v\V i±r f\ q (2.4) 

r=i— 2 r=3 

where Jo < 1 is a constant depending on J. The q Log-Sobolev type inequality 
( 12. 3 p will be shown in Proposition 14.11 and Proposition I5.3[ under the hypothesis 
(HO') and (HO") respectively. The q Spectral Gap type inequality f)2.4p will be 
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proven in Proposition 13.31 for both the cases of hypothesis (HO') and (HO"). In 
addition, an analogue of the product property for the Log-Sobolev inequality is 
proven in Proposition 12.41 for the inequality ( 12. 3p . The proof of Theorem 12.21 and 
Theorem 12.31 follows. 



Proof of Theorem \2.2\ and Theorem \2.3l We want to extend the Log-Sobolev 
Inequality from the one site measure to the infinite dimensional Gibbs measure for 
the local specification {E a ' w }accz,cjgo on the entire one dimensional lattice. Define 
the following sets 

T = even integers, Ti = Z \ r 

One can notice that {dist(i,j) > 1, Wi,j G Tk,k = 0,1}, r fl Ti = and 
Z = To U T±. For convenience we will write E Fi = ~E Ti,UJ for i = 0, 1. Denote 

V = E Vl E r ° (2.5) 

In order to prove the Log-Sobolev Inequality for the measure u, we will express the 
entropy with respect to the measure v as the sum of the entropies of the measures 
E r ° and E Tl . Assume / > 0. We can write 

fq fq Tgr fq 

"{flog^r) =vE v Hf q log-^—) + uE ri (E T °f q log ^ r -j - )+ 

v(E Tl E r °f q logE Tl E r °f q ) - v{f q logvf q ) (2.6) 

The following proposition gives a Log-Sobolev type inequality for the product 
measures E Tk,ul , k = 0, 1. 

Proposition 2.4. If conditions A or B are satisfied then for J sufficiently small 
the following Log-Sobolev type inequality holds 

vE rk (\f\ q log-tll—) < Cu\V r J\ q + Cu\VrJ\ Q 

for k = 0, 1, and some positive constant C . 

The proof of Proposition 12.41 will be the subject of Section [6j If we use the 
Proposition 12.41 for E r %i = 0,1, we get 

m> <cv ivr /r + cv iv r jr + cv I v ri (E r °r)i | 9 

+ z/(E ri E r °/ <? %E ri E r °/ 9 ) - v{f q logvf q ) (2.7) 
For the fourth term on the right hand side of (12. 7p we can write 



v{Vf q logVf q ) =vE u \Vf q log J ) + uE L 1 (E 1 °Vf q log- 



E r °Vf q *E r iE r °Vf q ' 
v(E Vl E T °V f q logE ri E r °V f q ) 
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If we use again Proposition 12.41 for the measures E r \i = 0,1 we get 



v{Vf*qlogVn <Cv V To (Vf q 



+ Cu 



V ri (E r °Vf q ) * Q + u(V 2 f q logV 2 f q ) (2.8) 



If we work similarly for the last term v{V 2 f q \ogV 2 f q ) of ( 12. 8p and inductively 
for any term u(V k f q logV k f q ), then after n steps (12. 7p and ( 12. 8p will give 

v(f q log^) <v{V n f q logV n f q ) - u(f q loguf q ) + Cv | V r J| 9 + Cv | Vr /| 9 



n-l 



n-l 



Cj2v\Vr (V k n l « V ri (E r °PV 9 )" (2.9) 



k=l 



k=0 



In order to calculate the third and fourth term on the right-hand side of ( 12. 9 j) we 
will use the following proposition 

Proposition 2.5. Suppose that hypothesis A or B are satisfied. Then the follow- 
ing bound holds 



Vr ( (E r ' " < C> | V r J\ q + C 2 v |V r ./| 



/or {i, j} = {0, 1} and constants C\ G (0, oo) and < C2 < 1. 



(2.10) 



The proof of Proposition 12.51 will be the subject of Section El If we apply 
inductively the bound (I2.10p k times to the third and the fourth term of (12. 9p we 
obtain 

(2.11) 
(2.12) 



and 



Vr (P fc f)" < Cf |V r jr + Cfv |V ro /| 9 



V ri (E r °P fe / 9 )' 9 < C 2k C x v |V r jr + C 2 2 k+1 v |V ro /r 



If we plug (I2TTTP and (12712]) in (J22J, we get 

vU q log^) <v{V n f q logV n f q ) - v(f q logvf q ) + CV | V ri /| 9 



n-l 



n-l 



+ Cg*" 1 )^ I VrJI" + C(£ C 2k )v |Vr /r 



k=0 
n-l 



fc=0 
n-l 



+ C(J2 Cf)C,v I VrJ| 9 + C'E |Vr /| 9 (2.13) 



fc=0 



fc=0 



If we take the limit of n to infinity in (I2.13P the first two term on the right hand 
side cancel with each other, as explained in the proposition bellow. 
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Proposition 2.6. Under hypothesis A or B, V n f converges v-almost everywhere 
to vj, where V as in Ii2.5\) . 

The proof of this proposition will be presented in Section [7J So, taking the 
limit of n to infinity in (I2.13P leads to 

v(f q log^) <(c+ca(^- + C 2 + ) v | VrJI 9 + CAu \Vr f\ q 



where A = lirrin^.^ $^fc=n C 2 < oo for C*2 < 1, and the theorem follows for 
constant 

£ = max{ [C + CA(^- + C 2 + cX] , cA} 



a 



C 2 

□ 



3 q Poincare type Inequality. 

In this section we present the proof of the q Spectral Gap type inequality (I2.4|) . 
In the case of quadratic interactions V(x,y) = (x — y) 2 one can calculate 

E i,w (/ 2 (VjV(xi - x,) - E^VjVixi - x,)) 2 ) 

(see [B-H] and [H]) with the use of the Deuschel-Stroock relative entropy inequality 
(see [D-S]) and the Herbst argument (see [L] and [H]). Herbst's argument states 
that if a probability measure /i satisfies the (LS2) inequality and a function F is 
Lipschitz continues with ||-F||Lips < 1 an d such that fi{F) = 0, then for some small 
e we have 

fie < oo 

For /2 = E i>w and F = v^^-^O-e'-v.v^-x,) we then obtain 

uniformly on the boundary conditions u, because of hypothesis {HO). In the 
more general case however examined in this work, where interactions may be non 
quadratic and the (HO) property does not hold, the Herbst argument cannot be 
applied. In this and next sections, following [Pa], we show how one can bound 
exponential quantities like the last one with the use of the projection of the infinite 
dimensional Gibbs measure and hypothesis (HI) and (H2). 

For every probability measure fi, we define the correlation function 
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For the function hk '■= f — E^~ fc ^/ we define 

Q(u,k) = u A{u) \v A(u) (E M M\h k \«)' 

where the set A(k) = {k - 2, k - 1, k, k + 1, A; + 2} and M(k) = Z\ A(fc). This 
quantity will be frequently used in the remaining section to bound the variance 
and the entropy The following proposition presents a useful bound for Q(k, k) 
under the hypothesis (HI), (H2) and (H3). The proof of this proposition can be 
found in [Pa]. 

Proposition 3.1. Suppose that hypothesis (HI), (H2) and (H3) are satisfied. 
Then 

fc+2 oo 

Q{k, k) < J q Sv\f - E k ~ l E k+l f\ q + S ^|V,/| 9 + 5 , ^J r -V|V fe±r /| 9 

r=k— 2 r=3 

for some positive constant S and Jq = J 3 ^ ■ 

The next lemma shows the Poincare inequality for the two site measure E^"^ , i e 
Z on the ball. 

Lemma 3.2. For any L > the following Poincare inequality holds 




where t](i,u) = <i(xj_i) + d(xi + i) + i-i j+u d(oOj) and X4 £/ie indicator 

function of set A. 

Proof. 

< / / 1/ - /|ViPt^{t7(i,w)<i}^(t,a;)<i}^{~i}^{~i} 

J{r?(i,w)<L} J{r?(i,a;)<L} 

where pi = _ e „{~i\, u • Since on {7/(2,0;) < L} we have d(xj) < L, j — 

i — 1, i+ 1 and 1+1} ^(^i) — -^j according to hypothesis (H*) we can bound 

J e _H< dXi^y from bellow independently on the boundary conditions u. This 
leads to 

D*(L) 



x 



/ / \f - f\ 9 ^{rj{i,ui)<L}^{-n{i,ui)<L}dX^iydX^i} (3.1) 

J {v(i,u)<L} J {fj(i,uj)<L} 



19 



for some positive constant D*(L). If we set Br = {i 6 H : d(x) < R} then (13. ip 
gives 

A < f _ H {~i},J, Y / / \fl{vM<L} - fZ{rj(i,u)<L}\ q dX { „ i} dX { ^ i} 

J e dA{^i} J Bl Jb l 

- C -fl{~i}ljt / l V W}/| 9X W^)<L}^{~i} (3-2) 

where above we used the Poincare Inequality in the Carnot-Caratheodory ball 
on the Heisenberg group with respect to the Haar measure (see [V-SC-C]) with 
constant Al depending only on the radius. From (13. 2ft and hypothesis (H*), we 
obtain 

h < D*(L)D*(L)A L [ |V w /|«dE { ~* } 

< D*(L)D*(L)A L E^\V^ t} f\ q 
And the lemma follows for appropriate constant Dl. □ 
The following proposition gives a Spectral Gap type inequality for the measure 

Proposition 3.3. If conditions (HI), (if 2) and (H3) are satisfied, then the fol- 
lowing Spectral Gap type inequality 

i+2 oo 
!/!{-*}]/_ E W/|9< M u\V r f\ 9 + Mj2jo~ 2 »\Vk±rf\ q 

r=i—2 r=3 

holds for a positive constant M. 

Proof. If El~ l I is an isomorphic copy of E^~'^ we can then write 

u\f -E { ~ i} f\ g =vE { ~ i} \f - E { ~ l} f\ q < z/E { ~ i} ®E { ~ i} |/ - f\ q 
=z/E<~*> ® t\~ l} \f - m^+^^L} 

+ i/E<~*> <g> E^IJ - f\% vM+ r, M >L} (3.3) 

where we have denoted 

rj(i, u) = d(xi-i) + d(x i+ i) + ^ d(uj) 

and Tj\ the indicator function of set A. For the first term on the right hand side 
of (13.31) we can use Lemma 13.21 to obtain 

E W> g, f _ /|«J { „ (iih>)+j j (i)W) < L} < D £ E^> (8) E<~*> \V { ^f\ q 
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If we apply the Gibbs measure at the last inequality we obtain 

v E<~*> ® E^l/ - f\ q l {vM+i)M < L} < D L v | V W /f (3.4) 
For the second term in (13. 3p we can write 

999 999 

<— i/E (M} (|/ - EM/I'i)^)) + - E M /| ! E { ~S(i,u) 

=—v (|/ - E^'l/r foft w) + E^>i7(i, w))) 

999 

=— ^ A(i) [(E M «|/-E^>/|') (irti,w) + E<~S(i,a;))] (3.5) 

where above we used that r)(i, co) + E^^r/(z, w) is localised in A(z) and that M(i) = 
Z\ A(z). On the right hand side of (I3.5P we can use the following Deuschel-Stroock 
entropic inequality (see [D-S]) 

Vt > 0, n(uv) < hog (/i(e <M )) + -^(vlogv) (3.6) 

for any measure fi and v > such that fi(v) = 1. Then from (13.51) and (13. 6p we 
will obtain 



uEM®EM\f-f\«l Mit 



w )+^(*i aj )>-^} 



+ ^ (/^Afoe'C^+^'M) ^ {i) E^«|/ - E<~*/|« (3.7) 

The first term on the right hand side of (13.71) can be bounded by the Log-Sobolev 
inequality for ^A(j) from hypothesis (HI) 

I f — WW} f |9 

, Ad /- E w /ri09 _^_^ 

< Cu m |v A(i) (E A/ «|/ - E^/nij" = CQ(i,i) (3.8) 

If we combine (13. 7p and ( 13. 8 j) together with hypothesis (H4) we get 
z/E^ g) E^>|/ - /|«X { „ (i , w)+ ^ (i , w)>jL} 

< ^Q(M) + ^^A«E M «|/-E^/r (3-9) 
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If we put together relationships (I3.3p . ( 13. 4 p and (13. 9p we obtain 

9 q 9C 9 q 2K 
v \f- E {~*/|« < D L Bu | V W} /| 9 + -^-Q{i, + -^- v \f ~ E{ ~°/I a ( 3 - 10 ) 

where the constant If is as in (H4). If we use the bound for Q(i,i) from Proposi- 
tion EHJ then (13. 10p gives 



v 



\f -E^f\« <D L Bv\V { ^ } f\ q + Z -^± HV,/| C 

r=i-2 



+ f; Jr - V |v, ±r /r + ™±™™ vlf _ E W;| 5 

(3.11) 

For L sufficiently large such that 1 — 2q2K +J qS2q2C > I we obtain 

(1 t J <-D^|V w /|' + — — )^ HV r /| 9 

r=i-2 



r=3 



Which implies 

i+2 



u\f-E™f\«<M v\Vrf\ q + Mj2j r 0~ 2 v\Vi±rf\ q 

r=i—2 r=3 

for some constant M > 0. □ 



If we combine together Proposition 13.11 and Proposition 13. 3[ the following ex- 
plicit bound for Q(k, k) directly follows. 

Corollary 3.4. Suppose that hypothesis (HI), (H2) and (H3) are satisfied. Then 

k+2 oo 

Q(k,k) < D ]T v\V r f\ 9 + Dj2Jo~ 2 v\V k ±rf\ 9 

r=k-2 r=3 

where the constant D = J q SM + S and Jq = J 3 ^ . 
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4 (LSq) type inequality under (HO'). 



Bellow an analogue result for the Log-Sobolev type inequality for E^*^ is pre- 
sented assuming hypothesis A. 

Proposition 4.1. If conditions A are satisfied then for J sufficiently small, the 
following Log-Sobolev type inequality holds 



v{\f\ q log- 



1/1' 



i+2 



r=i-2 



r=3 



for some positive constant R±. 

Proof. Assume / > 0. We will use the Log-Sobolev Inequality for the \x measure 
to derive conditions for the Log-Sobolev inequality for the measure E^*. From 
hypothesis (HO') and Remark ll~Tl the product measure \i{dxi+\)®\i{dxi-\) satisfies 
the LSq with constant c. 



/i(dx i+1 ) ® {i(dxi_i)(g q \o£ 



< cfi(dx i+ i) <S> yu(c?Xi_i) \Vg\ q 

(4.1; 



for g > 0. Define the function 



ti = - Yl Jj,tV{xj,u; t ) 
j={i-i,i+i},t~j 

The function h % is localized in A(i). We also denote 

= 0(Xi_i) + 

Then inequality (14. ip for g = e i f, f > gives 



j e-*\e h *p\og 



f e~ #l (e h * f q )dxi_idx i+ i f e~* ! dx^idx i+ i 



)dx i _ 1 dx i+1 



j'=i-l,i+l 



d>Xi—\dxi-\-\ 

(4.2) 
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Denote by I r and l\ the right and left hand side of (14. 2 j) respectively. If we use 
the Leibnitz rule for the gradient on the right hand side of (14. 2 p we have 



L <2 q ~ l c / e 



+ 2«" 1 c ^ 

i=j-i,j+i 



/(v ie - 



dxi—\dxi-Li 



^ ' \ 9 j=i-l,i+l , 

(4.3) 

On the left hand side of (14. 2p we form the entropy for the measure E^*^ measure 
with phase $ J — h\ 



-<^ z +h % fq 



f q log 



f q 



j e -**+hj qdx ._ ldx . +1 / J e-^+h'dx^dx 



i+l 



-dxi—^dxi^-\ 



flog 



j e ^ dxi_idx i+ i j e h% 



dxi-tdxi+i 



f" 



-^> l +h i fq 



flog 



f e dxi^idx i+ ie h 



E{~i},^/«' 

-dxi—\dxi-\-\ 



(4.4) 



/ e ' 5>1+h ' 1 dxi-\dxi + \ 
Since h l is negative, because of hypothesis (H3) , the last equality leads to 

h> (| e-*^7 9 ^-i^+i) {Flog E{ S huJfq ) + E^Wh')) (4.5) 

Combining (14. 2p together with (14. 3p and ( 14. 5 p we obtain 



'El^l^/ 



j=i— 



If we apply the Gibbs measure in the last relationship we have 



u(fHog 



fq c2 q ~ ls T \X7 ■h i \ q 

w ^—)<2^c £ viw+uw — 3 1 -ft')) 

(4.6) 
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From [B-Z] and [R], for 1 < q < 2 and q = 2 respectively, the following estimate 
of the entropy holds 

E^(l/l g % E{ J{f ) <^E^ |/ - E^f\ q 



\f — E^ i ^' U) f\ q 



9 

(4.7) 

for some positive constant A. If we apply the Gibbs measure at the last inequality 
we get 

I f\ q 

Ki/r% E{ J;,l |/r )<^i/-E^/i g 

I f _E{~iW|9 

+ ^l/- EW "/l''°g E(~t| / -EW./| g ) < 48 > 

We can now use (14. 6 p to bound the second term on the right hand side of (14. 8p . 
Then we will obtain 

f q 



vU q log ^ i}w )<Au\f- E^f\ q + 2^c Yl "\Vjf\ C - 

j=i~i t i+i 



=i4i/|/-E<~ i >- w /|« + 2«- 1 c £ z/lV^/r 

j=i— 

+ i/a W ^(E^)|/-EW}, V | ? ) | C2t " lE ^ wl|Vjtf|t (4.9) 

where the last equality holds due to the fact that h % is localised in A(i). We can 
bound the last term on the right hand side of (14.91) with the use of the entropic 
inequality (13. 6p and the Log-Sobolev inequality for vx{i) from (HI), in the same 
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way we worked in Proposition 13.31 Then we will get 

f" 



vtfHog 



<Av\f-E^f\i + 2c J2 l /|V J -/| < 

j=i— 



c 

C 
1 



V A( i) (E^l/-!*- 1 !* 1 /!*)' 



- I logve 



<(A + ^H/-E^>' w /|' + fQ(i,i)+2c £ ^|V,/r 

j'=i— l,i+l 



(4.10) 



where at the last inequality we used hypothesis (H2) to bound 

=2 9 " 1 E ) =,-i, i +i|v j h l '~ 



. We can now use Corollary 13.41 to bound Q(i,i) 
in (I4.10p as well as Proposition 13.31 to bound u\f — E^^' u f\ q . We will then obtain 

f q 



vifHog 



<(^+AM+^)^j -viv i±r /r 



r=3 



i+2 



r=i— 2 j=i— 

The lemma follows for appropriate choice of the constant 



□ 



5 (LSq) type inequality under (HO"). 

The proofs in this section follow closely mainly the methods used in [H-Z], but also 
in [I-P]. We start with a proposition that shows how the non uniform U-bound 
and the Log-Sobolev inequality are related. 

Proposition 5.1. Suppose that the measure 



dE { ~ i} 



e- H ^dX { ^ } 



satisfies the following non uniform U-bound 
E W^|j|9 (|V W} # { ~ i} 'T + < CE { - i} ^\Vif\ q + D { ^ i} (uj)E^' U} \f\ q 

(5.1; 
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for some positive constant C and a function D^^{uj) of to, both independent of f . 
Then the following defective Log-Sobolev inequality holds 

I f\ g 

E ^ \f\ 9 l °9 E {~i}l m« ^ C E{ " } ' W I V Wi/r + CE^'liT + AHE M 1/r 
where C is a constant and Di{u) = max{- — ^ g +£ - >a , 

Proof. Without loss of generality we can assume that / > 0. We set pi = 

_jy{~»}.<" - 

e r ,i ^ and q = f of We also assume that 



Then we can write 



J ( g nogg*)dX { ^ } = q -J g«{\ogg*)dX^ i} < bg (J g« +e dX { ^ ^ 

where above we used the Jensen's inequality. In order to bound the last expression 
we can use the Classical Sobolev (C-S) inequality for the Lebesgue measure dX^y 
(see [V-SC-C]), 



\f\^ e dX {nH} \ <aj \Vf\ q dX { „ iy + J \f\ q dX { „ i} (C-S) 
for positive constants a, (3. We will then obtain 
J { g nogg")dX^ i} < ^log (a J |V { ^|W w + /3 J \g\ 9 dX { ^ } ) 



< (q + e)a 



J |V W} #|W W} + -^±^ J \g\«dX { „ i} (5.2) 

where in the last inequality we used that logo; < x for x > 0. For the first term 
on the right hand side of ( 15. 2 p we have 

J |V w <?|Wr w = J |V w (/^)|Wf w 

< 2*- 1 E i '"|V { ^ } /|* + 2"" 1 J |/V w (pi)|W w (5.3) 

We have 

/ |/V w (pi)|W w = J |pip^/V w (pi)|^X w = EW,- /9 | p fv w (p^)|^ 



g 9 
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If we plug the last equality in f l5.3|) . we obtain 

/nq— 1 
I V w ^|«dX { ^ } < 2«- 1 E{~ i >'lV w /| 9 + -_E{~^/«|V { ^ } i?^>^| 9 (5.4) 

If we combine inequalities (15 .2]) and (15. 4p . we get 

+ 2 " ^i: ^ E^^^fiv^i}^-' 1 '^ (5.5) 

For the left hand side of ( 15. 5p . since H^ % ^ ,ul > 0, we have 

( 3 n og3V x M j [ j^Zx^je-^Zx^ ) dx ^ 

/ _ij{~i},< 

=Et~ < >' w (/«log/ 9 )+E^~ i >» w f log- 



= E^>' w (/ 9 log/ 9 ) - E^^(f>#W}^) 

>E^ i >' w (/ 9 log f q ) - E^' u {f q H^' u ) (5.6) 
If we combine (15.51) and (15. 6p . we obtain 

E {~i}, w ^ fflog ^ <«E { ~ l} - w |V W} /| 9 + 7E { ~ i} ' w / 9 

+ (| V W} # { ~ i} 'T + (5.7) 

where a = — — ^ +e ^ a ; /3 = max{- — ^+ e ) a ; j j anc i ^ = (£±^_ jf we use ^he non 
uniform U-bound (15. ip . the inequality (15. 7p gives 

E^>^(/q og r) < (d + pc)E^^\v { ^ } f\ q + pb { ^ } {u)E^p + 7E^>-<7 9 

If we replace / with E{ ,jf }i ^ which has mean equal to one we obtain the result. □ 
Corollary 5.2. If condition (HO") is satisfied then the following inequality is true. 

E<~^ (\f\ q log E{ ^*^ <C E^>» | V W} /| 9 + (A + |/ - E^/| 

+ D i (cj)E^ i >' u '|/ - E^'^/l 9 (5.8) 
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Proof. We recall <K7} . 

E W,^ (\f\Uog E{ W* ^ <AE^\f-E^f\ 



E { ~ <},w |/-E H '7flog- 



If we use Proposition 15. II to bound the second term on the right hand side, we get 

(\f\ q tog E{ ^*\ f \* ) <CE^\V { ^ y f\ q + (A + C)E^\f-E^f\ 

+ Di(uj)E { ^ ] ^\f - E { ~ i] ^f\ q 

□ 

Bellow we prove the Log-Sobolev type inequality (12. 3p . 

Proposition 5.3. If conditions B are satisfied then the following Log-Sobolev type 
inequality holds 



' J 1 r=i-2 r=3 



for some positive constant R2 independent of f and i. 

Proof. If we apply the Gibbs measure at the Log-Sobolev type inequality (15. 8J) , 
from Corollary 15.21 we have 

KI/r^ E{ J{f |/|g ) <C v |V W} /| 9 + (A + C> 1/ - E^f\ q 

=CV 1 V W} /| 9 + (A + O |/ - E^/l 9 
+ u A{i) DM^ m) \f - ^ hui f\ q (5.9) 

where we used that Di(u) is localised in A(i) and that M(i) = Z \ A(i). If we use 
again the entropic inequality ( 13. 6 p as we did in Proposition 13.31 to bound the last 
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term on the right hand side of (15.91) . we obtain 

, \f\ q 
E{-«}- w \f\ 



I f\ q 



e - -z/ A(0 E^W|/-EW/|« 
+ ^ (Zo^A (i )e e ^^)) z/A (i) E M(i) |/ - E^/l* 
<CV | V W} /| 9 + (A + C + ^> |/ - E^f\ 9 

+ -Q(i,i) (5.10) 

Where to obtain the last inequality we used the Log-Sobolev inequality for the 
measure from hypothesis (HI). If we use Proposition 13.31 and Corollary 13.41 
to bound the third and fourth term on the right hand side of (15.101) . we finally get 



"(i/r /o %Jfr |/r ) - Gv I v ^> / l g + ( A+C + f) M E 



K 



r=i-2 

oo 



(A + C + -)M^J r " 2 z/|V l±r /| c 



6 ,=3 



r=i— 2 r=3 

which gives the result for appropriate constant R 2 and < Jq < 1. □ 



6 Proof of Proposition 12.41 and Proposition 12. 5L 



We first present some useful lemmata. The first lemma provides a technical result 
for the correlation. The proof of the lemma can be found in [Pa]. 

Lemma 6.1. For any function v k localised in A(k), the following inequality holds 

E^(\f\^v k )<c (E^\f\ q y (&~ k \\f -E^f\« (\v k \« + E^\v k \«))y 
for some constant Cq uniformly on the boundary conditions. 
The next lemma presents an estimate involving Q(k, k). 
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Lemma 6.2. Suppose that hypothesis (HI) is satisfied. Then 
u(E^f\^\E^(\f\^,v k )\ q <^Q(k,k) 



± (logve<^ q+E{ ~ k1 ^ 9 )) u\f - E^f\ 



+ 

for any function localised in A(k). 

Proof. We can start with the bound from Lemma 16.11 

v (E<~*>|/|«)~* |E<~*>(|/|«; v k )\ q <4vE^ k \\f - E^f\ q (| Wfc |* + E<~*>|tfc|«)) 

=clv m ((E M ^\f-E^f\ q ) (jvtf + EWlv^)) 

(6.1) 

because \vk\ q + E^ k '\vk\ q is localised in A(fc). If we use the relative entropic 
inequality (13. 6p as we did in Proposition I3.3[ together with hypothesis (HI) we 
can bound (16.11) by 

C^Q(k, k) + | (W0-l 9+E{ ~ fc} '^)) u m EW\f - E^f\" 

□ 



Before we prove the sweeping out relations of Lemma 16.51 and Lemma 16.61 we 
present two lemmata whose proof can be found in [Pa]. 

Lemma 6.3. The following inequality is satisfied 



v 



V,(E^\f\^ q < Cl u\V,f\ q 



+^r } i/ir f 



te{i-2,i,i+2}:t~j 



for j = i — 2, i, i + 2. 

Lemma 6.4. Under hypothesis (HI), for any functions u localised in A(/c) the 
following inequality is satisfied 



v lE^E^Cf;^! 9 < jQ(k,k) + - e [logu m e l 



\u-E k - 1 W. k+1 u\<' 



V 



|/ - E* _1 E fc+1 /| 9 



for e > . 
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Lemma 6.5. Suppose that hypothesis A or B are satisfied. Then 



v |V ri (E ij 7)r < Diu |V r jr + D 2 u \V T J\ H 
for {i,j} = {0, 1} and constants D\ > and < D2 < 1. 
Proof. Without loss of generality assume z = and j ; = 1. We have 



ieTi 



ieTi 



If we denote = - — I — -, — Jrz — -, — the density of the measure E* : E i+ we 



can then write 
u\V i (E i - 1 E i+1 f)\ q = v 





{Vif)pidx i - 1 dx i+1 



Vi( / / Pifdx^dXi+i] 



2 q ~ 1 u 



< 




f(y i pi)dxi- 1 dx i+1 



< 



c y v |E l - 1 E t+1 (V i /)p + Cl JV iW-W+Xf; V^x^x,) + ViV(x i+1 , Xi ))\ q 

(6.3) 

where in (16. 3p we used hypothesis (H3) to bound the coefficients Jjj and we have 
set ci = 2 4g . If we apply the Holder Inequality to the first term of (16. 3p and 
Lemma [6.41 to the second term, we obtain 



iy\V i {E i - 1 E i+1 f)\ q < Cl v\Vif\ c ' 



Cl J g C 



Q(i,i) 



c x KJ* 



-v 



\f-E^f\ q (6.4) 



e e 
where the constant K as in hypothesis (H2). 

If we use Corollary 13.41 to bound Q(i,i) and Proposition 13.31 to bound the last 
term on the right hand side of (16. 4p we obtain 

2 + 2 00 

u\V i (E i ^E^f)\ q <c 1 u\V i f\ q + ^!^ £ ^|V r /r + ^^^Jr 2 z,|V J±r /| £ 



r=i-2 



r=3 



i+2 



Cl KMJi ^ fl „ c\KMJ q Tr 2 rK 



r=i-2 



r=3 



(6.5) 

for the constants .D as in Corollary 13.41 and M as in Proposition 13.31 From ( 16. 2 j) 
and ( 16. 5 p we have 

i+2 



Hv ri( ro /)r < ClH v ri /i' + ^±^E e ,|v,/r 



ieri r=?-2 



+ ltfg+fl)cl , E ^ ; , Hw| , 



iGri r=3 
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The last one implies 

v |V ri (E r °/)| 9 < Cl u | V ri /r + (M ^ + D)ClJ9 (3 + £ J 2 > |V r jr 



n=0 



+ (M ^ )ClJ V f>rviv ro /i° 

n=l 

If we choose J in (H3) sufficiently small such that Jo < 1 we finally obtain 
„ V r , (E ri 7)l* <^ (Mg + ° )C ' J ' (2 + * )„ |V r „/r 



1 — J 2 ' 



1 - 7 2 

1 



HVrJ| f 



and the lemma follows for 



D x — ci H I 3 



and J sufficiently small such that 

.(MAT + Z^ciJ 9 



1 - 7 2 

1 



Do = J q - 



(2 + 



1 - / 4 



< 1 



□ 



We continue with another sweeping out property which will play the basis of 
the proof of Proposition 12.51 

Lemma 6.6. Suppose that hypothesis A or B are satisfied. Then 



V, (E^> \f\ q y <Hv \V 3 f\ q + HJ q Jo' 2 " |V i±r /f 



r=2 



for j = i — 2, i, i + 2 and some positive constant H. 



Proof. Assume / > 0. For j = i — 2,i,i + 2, from Lemma [6.31 we have 



(E { ~ i} / 9 ) p 



t£{i~2,i,i+2}:t~j 
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If we bound the last term from Lemma 16.21 we obtain 



v 



Vj(E { ~ i} / 9 )« 



<w\V j f\ 9 + :L ^Q(i,() 



J q c lC l 



logu m e<^ q+E ^ k) ^ q )) u\f- E<~*> f\« (6.6) 



where above we denoted Wi = J2te{i-2a+2yt~j'^jV(, x ti UJ j)- We can make use of 
hypothesis (H2) to bound 

logv m e<W +m{ ~ k} W) < K 

as well as use Proposition 13. 3l and Corollary 13. 4l to bound v\f — E^~^/| 9 and Q(i,i). 
Then (16.6P becomes 



v 



+ »*^ r H WP (6 . 7) 



r=3 



The proof of Lemma 16.61 is complete for appropriate choice of constant H. □ 
We will finish this section with the Proposition 12.51 



Proof of Proposition \ 2.5l Assume / > 0. We can write 

1 \1 x -« I T-i .19 



ieri ieri 
If we substitute in (I6.8P the bound from Lemma 16. 6[ we obtain 

oo 



(6.8) 



ieri r=2 

oo 



-Hv I V ri /| 9 + J*J7 X) ^ (" I Vr o/l 9 + " |V ri /| c 



,r=0 



7 9 /f J q H 



1- Jn 



1- Ja 



For J in (H3) sufficiently small such that jzrj^ < 1 ; the proposition follows for 
constants 

Ci = H H and C 2 = - < 1 



1-Jn 



1- Jn 
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□ 



We can now prove Proposition 12.41 
Proof of Proposition 2-4 - We will prove Proposition 12.41 for k = 1, that is 

vE r > (f q logJ^j- q ) < Cv |V ro /r + Cv | VrJ| 9 



for / > 0. Define the sets 
a = {~ 0} and 



{~ (2A; + 2)} for k £ N odd 
{~ (-2A;)} for fcGN even 



and consider the following representation of the odd integers Ti 

Ti = U+~a fc = {- 0} U {- 4} U {- (-4)} U {- 8} U {- (-8)} U ... 

where we have denoted {~ k} = {j £ Z : j ~ k} = {k — 1, k + 1}- Then we can 
write 



.f 



/E ri (/^o^-^— ) =z/E { ~ 0} (f Zo#- , 



+ ^z/E Q * (E^-^-.E" / 9 log 



fe=i 



E afc - 1 ...E ao / 9 
E a fe...E a °/<? 



) (6-9) 



If we use Proposition 14.11 and Proposition 15.31 in the case of hypothesis A and B 
respectively to bound the first term in (16.91) we have 



{ ~ 0} ( fqio9 wwrJ ^ 5> i v ^i 9 + R H J o~ 2 » l v ±-/f ( 6 - 10 ) 



E{~°}/ 



r=-2 



r=3 



where R = max{i?i, R2} for the constants R\ and R2 as in Proposition 14.11 and 
Proposition 15.31 For the terms in the sum in the last term of (I6.9P , for k odd we 
have 



2fc+4 



E^- 1 E ao f q x-^ 

i/E afc (E afc - 1 ...E ao flog — ) <R > v VrfE^- 1 ..^ 00 f q )« 

E afc E a ° f 9 ~~ ^ I 

r=2fc 



+ r ~ 2 u j v 2fc+2±r (E^-...E a( 7 9 )" 

(6.11 



r=3 
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while for k even we have 

E afc ~ 1 ...E a °/ 9 , 



-2k+2 



vE ak (E ak ~ 1 ...E a ° f q log ■ 



E a *...E a °/' < ? 



<R v V r .(E a *- 1 ...E OQ / ,<? )« 



r =-2fc-2 
oo 



(6.12) 



r=3 



For the quantities involved in (16. 1 1 [) and ( I6.12p . if we define = min{z : i G 
U^ZqCLj} and = max{z : i G U^ZgOj}, we then have 



V s (E Ofc - 1 ...E a0 / 9 ) 



< < 



V fl (E^~ fl >/ 9 )9 " if s is even, s G (m k , M, 
V s (E^ mfe >/ 9 )i 





if s = m^. — 1 
q if s = M k + 1 

if s is odd, s G [mk,Mk] 



*|V./|< 



if s ^ [m fc , M fe 



(6.13) 



From relationships ( 16. 9 \ - (16.13P we derive that the right hand side of ( 16. 9 p is 
reduced to an infinite sum of the following terms 



V«(E<~ a >/«)« 



and JqV 



Vi(E { ~ 8} / 9 )9 " for t= {s- 2,s + 2} 



for every s G To and r G N. For every s and £ the above terms are repeated at 
most two times for every different r. So, v 



V a (E{~ fl >/«)« 



and v 



V t (E{->/«)« 



occur in the sum at most 2 2_^ n =<i ti mes each. Thus, we finally obtain 

2 oo 



i/E ri (/ 9 log. 



/ 



,< r y: * iv,/i 9 + Rj2 j o~ 2 » I 

^ r=-2 r=3 

+oo 

+ 2(^j-)it;^^|v2 S (E{~ 2s >r)i 

n=0 seZ 
+oo 



n=0 
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If we choose J in (H3) sufficient small such that Jo — J' ' 4 < 1, the last leads to 
f" 



EFl lQ S ^) < R E " I V ^l" + R E J 0" 2 ^ l V ±r/l' 



r=-2 

2i? 



r=3 



+ T ^EH v ^ E{ ~ 2s} ^) 1 

1 — Jn 

+ i^E(H v - +2 ^ }/9 ) i 



V 2s _ 2 (E^^ 2s )>^)l 
(6.14) 



In order to bound the terms involved in the summations in (I6.14p we will apply 
Lemma [6.61 to bound the right hand side of (16.141) . from which we obtain 

fq 2 00 



r=-2 



r=3 



4HR 



+ Y^y E v I V ^f\ 9 + E J o" 2 ^ IVWI 

seZ \ r=2 



4M 



<r » i v,/r + fr^a + E J o 2r ) + * E " i v ^/i c 



r=-2 



r=0 



AHR 



+ fry( 1 + E J o) + ^ EHv 2s+1 /r 



'o 

u r=0 / se2 

where the two sums are finite since Jq < 1. The proposition follows for 

4ETR 

(* + 

r=0 



c 



1- Jo 



;i + X]^) + 2i? 



□ 



7 Proof of Proposition 12. 6L 



In Proposition 14.11 and Proposition 15.31 we showed a Log-Sobolev type inequality 
for the one site measure E^*^, under hypothesis A and B respectively, while in 
Proposition 13.31 a Spectral Gap type inequality was shown for both cases. In the 
following lemma the Spectral Gap type inequality (12 .4]) will also be extended to the 
product measure E Ti ' w , i = 0,1. What we will show is that (12 .3p for E ri ' w , i — 0,1 

,UJ ,i = 0,1, a basic result for the usual Log-Sobolev 



actually implies (12. 4p for E 
and Spectral Gap inequalities. 
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Lemma 7.1. If conditions A or B are satisfied then the following Spectral Gap 
type inequality holds 

u\f-E r ^f\ q <Ru\Vf\ q 
for i = 0, 1 and some positive constant R, where V := V^- 

Proof. To show the lemma we will follow the steps of the proof of the usual LSq 
implying the SGq inequality (see [B-Z]). We will show the inequality for i — 0. 
From Proposition 12.41 we have 



Kl/l^^r^^lV/r (7.1) 



Assume without loss of generality that the function / has median zero and denote 
/ + = max(f,0) and /~ = min(f, 0). Then, according to Lemma 2.2 from [B-Z] 
and the proof of Theorem 2.1 from the same paper, we obtain 

^((f + ) q lo 9 J^ +)q ) > log2E r <-((/+)*Z {/>0} ) 

as well as 

^((n q log Jfj^ )q ) > log2E r ^ ((r)«X {/<0} ) 
If we apply the Gibbs measure v to the last two inequalities we get 

^f + ) qi °9 j!P { q f+)q ) > 2^ ((f + n {f >o } ) (7.2) 

and 

v((n q iog Ji^ )q ) > \o g 2, ((ryi {f<0} ) (7.3) 

If we use (17. ip to bound from above the right hand sides of (I7.2p and (17. 3p we 
obtain 

CV(|V/ + | 9 Z {/>0} ) > log2z/((/ + )"X {/>0} ) 

and 

cu(\vr\ q x {f<0} ) > \o g 2u ((ryx {f<0} ) 

If we add the last two and use the estimates |V/ + | 9 < |V/| 9 and |V/~| 9 < (V/l 9 
for the gradient, we get 

Ki/n<^iv/i 9 

log 2 
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The last relationship for / — E L °' UJ f in place of / gives 



C 



y\f- E 10 '^ |v ri (/ - ¥}^f)[ 

<2^HVrjr + 2^ 
log 2 log 2 



HVr (/-E r °' w /)r 



log 2 



V ri (E r °^/) 



g 
log2 



(7.4) 



If we use Lemma 16.51 to bound the second term in the right hand side of (I7.4p we 
get 

u\f - E r °'"f\ q < + 2«C> |V ri /r + (^-^-D 2 + C> |V ro j? 



log 2 



log 2' 



and the lemma follows for R = maxl 2 ^? 1 ! 2 ^ , 29 ^+c i 

L log 2 ' log 2 J 

Now we can prove Proposition 12.61 



□ 



Proof of Proposition \2. (A In order to show Proposition 12.61 we can follow 
[G-Z] as in [I-P] and [Pa] for the case of quadratic and non quadratic interactions 
respectively. In both these two cases the local specification satisfied (HO), which 
implied that E Vi,UJ satisfied the Log-Sobolev q inequality and thus the q Spectral 
Gap inequality. In the case of Proposition 12.61 we have assumed the weaker as- 
sumptions (HO') and (HO"), in which case we can use the weaker result of Lemma 

u\f- E r ^f\ q < Rv |VrJ| 9 + R» | Vr,/| 9 

for = {0, 1}. For i ^ j we then have that 



i/\E Tj f - E r 'E r >f\ q = isE Ti \E r >f - E T *E r >f\ q 
<Rv\V r XE r >f)\ q 



(7.5) 



the last inequality from Lemma 17.11 for the measures E r ° and E Fl . If we use 
Lemma 16.51 to bound the last term in the right hand side of (17. 5p we get 

i,|E r V - E ri E r '/| 9 < RD\v |V r jr + RD 2 v \Vr 3 f\ q 
From the last inequality we obtain that for any nGN, 

v\V n f - E r °V n f\ q < J R J Diz/|Vr (E r °P n " 1 /)| <? + RD 2 u\ V Fl iE T °V n ~ l f) \ q 
= AD 2 z/|V ri (E r °7> n -7)| 9 
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If we use Lemma 16.51 to bound the last expression we have the following 

v\V n f - E r °7?V| 9 < RD% {D,u | VrJI 9 + D 2 v \V v J\ q ) (7.6) 
Similarly we obtain 

u \E r °V n f - V n+1 f\ q < RD% (D x v |V r jr + D 2 v |V ro /| 9 ) (7.7) 
Consider the sequence {Q n } n <=N defined as 



Q n f = 

for every n6N. Hence, if we define the sets 



V 2 f if n even 

E r »?¥/ if n odd 



A n = {\Q n f-Q n+l f\>{ l -) n } 



we obtain 



v(A n ) = v f{\Q n f - Q n+l f\ > {l) n }j < T n v\Q n j - Q" +1 /| 9 
by Chebyshev inequality. If we use (17. 6p and (17. 7)) to bound the last we have 

1/(40 < (2"Dl) n R(D 1 u\V ri f\ q + D 2 u\V r J\ q ) 

i 

We can choose J sufficiently small such that 2 9 D| < | in which case we get that 
u (A n ) < ^(-) n R (D 1 u \V r J\ q + D 2 u |Vr ( JH < oo 

n=0 \n=0 / 

From the Borel-Cantelli lemma, only finite number of the sets A n can occur, which 
implies that the sequence 

{Q n f}neN 

is a Cauchy sequence and that it converges v— almost surely. Say 

Q n f^9(f) v- & .e. 

We will first show that 9(f) is a constant, i.e. it does not depend on variables on 
r or lY To show that, first notice that Q n (f) is a function on F 1 and T when n 
is even and odd respectively, which implies that the limits 

9 (f) = lim Q n f and d e (f) = lim Q n f 

n odd,n— >oo n even,n— >oo 
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do not depend on variables on To and Ti respectively. Since both the subsequences 
{Q n f}n even and {Q n /} no dd converge to 9(f) v-a.e. we have that 

9 (f) = 9(f) = 9 e (f) 

which implies that 8(f) is a constant. From that we obtain that 

v (9(f)) = 9(f) (7.8) 

Since the sequence {Q n f} n £N converges //—almost, the same holds for the sequence 
{Q n f -vQ n f} nm . We have 

lim (Q n f - uQ n f) = 9(f) - v (8(f)) = 8(f) - 8(f) = 

n— >oo 

where above we used (17. 8p . On the other side, we also have 

lim (Q n f - uQ n f) = lim (Q n f - vf) = 8(f) - u(f) (7.9) 

n— too n— >oo 

From (ESD and O we get that 

*(/) = "(f) 

We finally get 



lim V n f = lim Q n f = vf, v a.e. 

n—too n even,n— >oo 



□ 



8 Paradigms of U-bounds. 

In the case of hypothesis B we focus on measures on the Heisenberg group that 
satisfy the non uniform U-bound (HO"). In this section we want to find examples 
of measures 

^(d Xi ) = pl^2 t (8 - 1} 

where 

H i,u = <j>{ Xi ) + J ij y ( x i, w i) ( 8 - 2 ) 
i~« 

that satisfy the non uniform U-bound (HO"): 

E W},u, (|v w ^~*>' w |« + #Wh") < (7 E {~i}>^ |v W} /| 9 + l) W} (u;)E { ~ i} ^ \f\ q 
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with ue eDi ^ < e K . Because the condition involves a product measure E^^ ,w = 
]gi-i,w ^ ^ j g surr ] c i en t to have the following inequality for the one site 

measure 

E 1 '" \f\" QViiP'T + H^) < CE^ \Vif\ q + D^E^ \f\ q 
where Di(u) a function of Then (HO") will follow for D^^{uj) = 

Lemma 8.1. ForE l,u) as in A8.1\) and A8.fy) the following inequality holds 

E i,u) (|/|«V i d(x i ).Vi^P lW ) < A 1 E^\VJ\ q + A 1 E^\f\ q 

for all differentiable f : — > R, and some constant A\ G (0, oo) independent of u. 

Proof. Without loss of generality assume / > 0. By the Liebniz rule, we have 

(Vif)e- H ^ = Vi(fe- H ^) + fViH^e' 11 *'". (8.3) 

We can multiply (18. 3p on both sides by d(x i )'Vid(xi). If we integrate now we see 
that 

/ fdV l d^ t H l ' UJ e- H ^dx l < [ d^idW^ifle-^dXi - [ dV \d.V 'iffe' 11 ^) dx, 
Jw Jw Jw v ' 

= [ d\Vif\e- Hi - u dxi + f fV % ■ (dV^e-^dxi, 
Jw Jw 

where we have used integration by parts once more. From Proposition 11.41 we 
obtain 



Vj • (dVid) = \Vid\ 2 + dAid <1 + K t 



o 



in terms of distributions (see [I-P]). Therefore we have 

/ fd\/ i d.V i H i ' ul e- H ^dx l < [ d\Vif\e~ Hi ' u dxi + (1 + K ) [ fe~ H ^dxi. 
ii Ju ii 

Replacing / by f q in this inequality, and using Young's inequality again, we arrive 
at 

/ f q <N i d.V i H il >"e- Hi,u dxi<- [ \Vif\ q e~ H ^ dx t + -T p ^ [ f q d p e - H ^dxi 
Jw T Jm P Jw 



[1 + K ) [ fe-^dXi 
Jw 



U) 



for all t > 0. We finally obtain that there exist constant A e (0, oo) independent 
of u such that 

□ □ 
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Corollary 8.2. If hypothesis (Hl)-(HJf.) are satisfied and there exist constants 
a > and b(u>) > such that 

\ViH^\ q + H i,UJ < adVidixii.ViH 1 *" + b(u) (8.5) 

holds, with ve eh ^ < e Kl then the infinite dimensional Gibbs measure v is unique 
and satisfies the Logarithmic Sobolev q inequality. 



If I 9 



for some positive constant (£. 



Proof. We begin by applying Theorem 12.31 To prove the Corollary, it is sufficient 
to show that condition (HO") is satisfied. Inequality (I8.5P implies 

E^l/I 9 (iV.iP'T + H { ~ i} '") < aW^\f\ q (dVidix^.ViH^) + b(cu)E i ' u> \f\ q 



We can bound the right hand side from Lemma 18.11 to get 

E^l/I 9 (|V^ { ^ } '"| 9 + H^'") < aA^lVJl" + (aA 1 + b(u))Ei, u\f\ q 
with ve <*Ai+b{ u )) < ^aA^Ki < ^ which ig the (j^q"^ condition for K = e eaAl e Kl . 

□ 

We will now present examples of interactions for which the local specification 
E l,w satisfies condition (HO"), or equivalently inequality ( 18. 5p . 



Example 1. Consider phase 4>(x) = d(x) s for < s < 2 and interaction V (x, y) 
(d(x) - d(y)) 2 . 

We can rewrite the Hamiltonian as 

where 

H^(xi) = d s (xi) + Jd 2 {xi) - 2Jd{xi) ^ d(u)j) 

We have 



i)\ 2 



s - l)d s ~ 1 (x i )Vid(xi) + J2^2 \ d ( x i) ~ d ( u j)\ Vid(x. 
<2(s - l) 2 d 2s - 2 (xi) \Vid(xi)\ 2 + 16 J 2 ( d ( x i) - d^j)? |V^(; 

<2(s - l) 2 d s {xi) + 16J 2 ( d ( x i) - d^j)) 2 + c " 

<max{2(s- l) 2 , 16 J} • + c" (8.6) 
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for some positive constant c", where above we used that |V«(i(xj)| = 1, as well as 
that s < 2. We have 

dVidix^.ViH^ =dV i d(x i ).Vi(H i ' u + J rf2 ( w i)) = dVid(x i ).V i H i *' 

=dV ' id(xi).sd s ~ l (xi)V 'id(xi) + dW id(xi) .2d(xi)V \d(xi) — 
- 2dS7id(xi).J ^ d(u j )V l d(x l ) 

=sd s {xi) + 2Jd 2 {x l ) - 2Jd{x l ) ^ d{ojj) 

where above we used again that |Vjrf(xj)| = 1. Because s > 1 we finally obtain 

dVid^.ViH 1 '" > H 1 ^ = W' w ( 8 - 7 ) 

From inequality (18. 6p we get 

IV^'^I 2 + < (d + 1) • + c" 
where d = max{2(s — l) 2 , 16J}. If we now use (18. 7p the last gives 

\V,H^\ 2 + < (d + 1) ■ {dVidix^.ViH^ + + c " 

which is dH3]) for a = d + 1 and b(co) = (d + 1) J£ j: ^ d 2 (uj) + c". 

Example 2. Consider phase (f){x) = x s for < s < p and interaction V(x,y) = 
(d(x) + d(y)) p , where i + i = l. 

We can rewrite the Hamiltonian as 

where ^ 
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We have 



s - l)d s - l (xi)Vid(xi) + E ( d ( x i) + rf ( w i)) P 1 V i rf 

<2^ 1 ( S - lyd^ixi) \v l d( Xl )\ ci + 2 2 ^ 2 jy E ( d te) + d (^)y 9 ~ 9 l v ^( 



< max{2 9 " 1 (s - l) 9 , 2 2f/ ^ 2 J 9 " V} • + c'" (8.8) 
for some positive constant c w , where above we used that |Vtd(x»)| = 1, as well as 



that - + - = 1 and s < p. We have 
p q y 



dVidix^.ViH^ =dV i d{x i ).V i (H i >" + </ E ^M) = dV id{xi) .V iH^ 



--dVid(xi).{sd s (xi)Vid(x. 



Xi)d k (uj)} 



=sd s ( Xt ) + j e E( r - fc ) ( I ) ^ r " fc (^)^(^) 

k=0 

where above we used again that |Vjd(xi)| = 1. Because s,p — k > 1 we finally 
obtain 

dV l d(x l ).V l H i ' UJ > = - J E d^Uj) (8.9) 

From inequality (18. 8p we get 

|V;£P'T + < (c' + 1) • iT' w + c'" 
where c' = max{2 9_1 (s — l) 9 , 2 2g_2 J 9-1 ^}. If we now use (18. 9p the last gives 
|V,iT'T + fT' w < {d + 1) • {dVidix^ViH^ + J E + c'" 



which is flH2D for a = c' + 1 and 6(w) = (c' + 1) J£ i:i „ 4 rfP ( w i) + c "' ■ 

9 Conclusion. 

In the present work, we focus on the q Logarithmic Sobolev Inequality (LSq) for 
the infinite dimensional Gibbs measure related to systems of spins with values on 
the Heisenberg group. 
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We considered two cases, that of a one site boundary-free measure that satisfies 
a q Log-Sobolev inequality and that of a one site measure with boundary conditions 
that satisfies a non uniform U-bound. In both cases we determined conditions for 
the infinite volume Gibbs measure to satisfy the Log-Sobolev Inequality. 

In this way, the work of [H-Z] was extended to the infinite dimensional set- 
ting. In particular we have relaxed the conditions obtained in [Pa] about a similar 
problem where one site measures that satisfied an (HO) condition where considered. 

Furthermore, the criterion presented in Theorem 12.21 and Theorem 12.31 can in 
particular be applied in the case of local specifications {E A ' w }Accz,wen with no 
quadratic interactions for which 

IIViV^X^XjOIL = 00 

Thus, we have shown that our results can go beyond the usual uniform boundness 
of the second derivative of the interactions considered in [Zl] and [O-R] for real 
valued variables as well as in [I-P] for spins on the Heisenberg group. 

Concerning the additional conditions (HI) and (H2) placed here to handle the 
interactions, they refer to finite dimensional measures with no boundary condi- 
tions which are easier to handle than the {E A,W } accz,wg^ measures or the infinite 
dimensional Gibbs measure v. 

In fact, the following results concerning the conditions can be proven. This is 
a work in progress that will consist the material of a forthcoming paper. 

Proposition 9.1. The hypothesis (W)/(W), (H2), (H3) and (H4) imply hy- 
pothesis (HI). 

Consequently, the main result of Theorem 12.21 and Theorem 12.31 are then re- 
duced to the following 

Theorem 9.2. If hypothesis (Hff)/(Hff'), (H2), (H3) and (H4) are satisfied, then 
the infinite dimensional Gibbs measure v for the local specification {E A,W } accz,wg^ 
satisfies the q Log-Sobolev inequality 

v\f\ q log^<£v\Vf\' 1 

for some positive constant £ independent of f . 

The main idea of the proof of the Proposition 19.11 follows in main lines the 
method followed in the current paper. Although some of the details are more 
involved because of the lack of hypothesis (HI), the fact that in Proposition 19.11 
the Gibbs measure is localised and thus the approximation procedure starts from 
a finite set compensates for the loss of the LSq for vau) ■ 
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